We propose a bosonic Josephson junction (BJJ) in two nonlinear mechanical resonator coupled through twophonon exchange interaction induced by quadratic optomechanical couplings. The nonlinear dynamic equations and effective Hamiltonian are derived to describe behaviors of the BJJ. We show that the BJJ can work in two different dynamical regimes: Josephson oscillation and macroscopic self-trapping. The system can transfer from one regime to the other one when the self-interaction and asymmetric parameters exceed their critical values. We predict that a transition from Josephson oscillation to macroscopic self-trapping can be induced by the phonon damping in the asymmetric BJJs. Our results opens up a way to demonstrate BJJ with two-phonon exchange interaction and can be applied to other systems, such as the optical and microwave systems.
I. INTRODUCTION
Bosonic Josephson junction (BJJ), a bosonic analog of the superconducting Josephson junction, was first proposed and observed in two weakly coupled Bose-Einstein condensates [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] to study macroscopic tunneling. After that BJJ has also been studied both theoretically and experimentally in other nonlinear bosonic systems, such as coupled nonlinear optical cavities [11] [12] [13] [14] [15] [16] [17] [18] and nanomechanical resonators [19] . One important application of BJJ is to serve as a quantum interference device [20] . As a two-mode Bose-Hubbard model, BJJ also offers a simple platform to explore quantum manybody dynamics [21] .
In contrast to all hitherto realized BJJs, where two nonlinear bosonic systems are coupled by hopping of single bosons, we here propose a BJJ in two nonlinear mechanical modes coupled through two-phonon exchange interaction. The BoseHubbard model with atom-pair tunneling [22] [23] [24] [25] [26] or twophoton exchange [27] [28] [29] [30] [31] [32] [33] has been studied for years. However, the realization of two-phonon exchange interaction in the mechanical systems is still lack of effective method.
Recently, multi-mode optomechanical system [34] , that multiple mechanical resonators are coupled to a single cavity mode via radiation pressure or optical gradient forces, provides us an appropriate platform to realize nonlinear phononic interaction mediated by the cavity mode [35] [36] [37] [38] [39] . We find that two-phonon exchange interaction can be induced by coupling two mechanical modes to a common cavity mode through quadratic optomechanical interactions. An effective Hamiltonian for two nonlinear mechanical modes with two-phonon exchange interaction is obtained by adiabatically eliminating the cavity mode. We show that the transition between Josephson oscillation and macroscopic self-trapping (MST) can be observed by tuning the parameters blow (or above) certain critical values.
Different from the BJJs with single-boson hopping inter- * Electronic address: davidxu0816@163.com † Electronic address: aixichen@ecjtu.edu.cn action, where four distinct modes are predicted [2] [3] [4] , i.e., zero-phase mode, running-phase mode, π-phase oscillations, and π-phase self-trapping, whereas in our system, there are three distinct modes, i.e., zero-phase mode, π/2-phase oscillations, and running-phase mode. In addition, a dynamic transition from Josephson oscillation to MST induced by phonon damping is predicted for asymmetric BJJ with two-phonon exchange interaction, which is very different from the previous theoretical predictions [4, 16] and experimental observations [12] .
The paper is organized as follows. In Sec. II, we derive an effective Hamiltonian for two nonlinear mechnical modes coupled through two-phonon exchange interaction from an multi-mode quadratic optomechanical system with two nonlinear mechanical modes and one cavity mode. In Sec. III, an effective Hamiltonian for BJJ are obtained from the two nonlinear mechnical modes coupled through two-phonon exchange interaction. The behavior of the BJJ in the nonself-interacting and linear regimes is discussed in Sec. IV. In Sec. V, we study the dynamic behaviors for the symmetric BJJ. The effective potential for BJJ is shown in Sec. VI. We study the effect of the phonon damping on the dynamic behavior of the asymmetric BJJ in Sec. VII. Finally, we summarize results in Sec. VIII.
II. TWO-PHONON EXCHANGE INTERACTION
As schematically shown in Fig. 1 , we study a system that two nonlinear mechanical modes are coupled to a common cavity mode with quadratic optomechanical couplings. Such system can be realized by either two partly reflective nonlinear membranes in a Fabry-Perot cavity [40] , optomechanical crystal [41] [42] [43] , or other systems. The Hamiltonian of these systems can be written as Under the assumption that the damping rate of the cavity mode is much larger than the effective optomechanical couplings G j and the damping rates of the mechanical modes, i.e., κ ≫ {G j , γ i }, the evolution of b i is much slower than a, so b i can be taken out of the integrals, then we have [44, 45] 
After adiabatically eliminating the cavity mode by substituting Eq. (11) and b i ≡ b i e −iωit into Eq. (8), the dynamical equations for the mechanical modes b i become
where the effective nonlinearity strength
and effective two-phonon exchange cou-
can be controlled by tuning the strength Ω and frequency ω d of the external field. We choose
, and a Hermitian Hamiltonian can be obtained as (without considering the damping terms)
which describes a model for two nonlinear mechnical modes coupled through two-phonon exchange interaction.
III. BOSONIC JOSEPHSON JUNCTION
From Eq. (14), we can verify that, when the effect of mechanical damping can be neglected, the total phonon population N T = n 1 + n 2 is constant, where n i is the phonon population in the ith mechanical mode. For large phonon numbers, i.e., N T ≫ 1, the operators of the mechanical modes can be treated as classical quantities,
where θ i is the phase. By introducing the population imbalance z ≡ (n 1 − n 2 ) /N T and the phase difference φ ≡ θ 2 −θ 1 between the two mechanical modes, the dynamics of the mechanical modes can be rewritten as the nonlinear equations
where the time has been rescaled as 2JN T t → t, and the dimensionless parameters are g = (
We can see that these nonlinear dynamical equations are invariant under the transformation ∆ → −∆, φ → −φ + π/2 and g → −g. We can consider z and φ as two canonically conjugate variables, then an effective Hamiltonian (derived from the above equation with dz/dt = −∂H J /∂φ and dφ/dt = ∂H J /∂z) for BJJ is obtained as
The BJJ tunneling current is defined by
IV. NON-SELF-INTERACTING AND LINEAR REGIMES
Before the detailed analysis of the BJJ with numerical solutions, here we consider the behavior of the system in the non-self-interacting and linear regimes. For symmetric BJJ without self-interaction, i.e., ∆ = g = 0, the dynamical equation for z is obtained as
This can yield a hamonic oscillation for z only in the limit |z| ≪ 1 with frequency
In this case the BJJ tunneling current I is an alternating current (AC) with frequency 2 √ 2JN T . For symmetric BJJ (∆ = 0) with g < 1, in the linear limit (|z| ≪ 1 and |φ| ≪ 1), the dynamical equation for z is given by
z oscillates hamonic with frequency
Then the frequency of the AC current I become 2 2 (1 − g)JN T . Still in the linear limit (|z| ≪ 1 and |φ| ≪ 1) with g < 1, if the BJJ is asymmetric with parameter ∆ ≫ (g − cos 2φ) z, then we have
z oscillates harmonically with frequency
The BJJ tunneling current is given by
An AC current I is produced in the asymmetric BJJ working in the linear limit.
V. SYMMETRIC BJJ
For a symmetric BJJ, i.e., ∆ = 0, the Hamiltonian in Eq. (18) becomes Figure 2 shows the energy contours of a symmetric BJJ for different values of self-interaction parameter g. We can find that the location of the energy minima, maxima, and saddle points crucially depends upon the self-interaction parameter g. For g < 1 (strong two-phonon exchange coupling, i.e, For a given value of the initial population imbalance z (0), if the self-interaction parameter g exceeds a critical value g c , the populations become macroscopically self-trapped with z = 0. This corresponds to the macroscopic self-trapping (MST) condition for
and the critical self-interaction parameter for MST is Figure 3 describes the time evolution of population imbalance z for different values of self-interaction parameter g. Figures 3(a) and 3(c) show the transition from the Josephson oscillation to the MST regime at g = 1, for the specific initial conditions [z(0), φ(0)] = [0.5, 0]. In Fig. 3(a) , where g < 1, z and φ oscillate around [z, φ] = [0, 0], which corresponding to the zero-phase mode. In Fig. 3(c) , where g > 1, z = 0 and φ increases monotonously, which corresponding to the runningphase mode. The transition behavior for φ(0) = 0 at g = 1 is independent of the initial value of the population imbalance, as shown in Figs. 3(b) and 3(d) . We can also see this clearly from Eq. (30): g c = 1 for φ(0) = 0, which is independent of the population imbalance.
On the other hand, from Eq. (29), when g > 1 remains constant and initial value φ (0) = mπ (m is an integer), there is a critical population imbalance z c for the initial value of the population imbalance z (0) as Figs.4 (a)-(c) . Meanwhile, φ oscillates around the point φ = π/2, which corresponding to the π/2-phase oscillations. MST occurs when z (0) > z c as shown in Fig. 4(d) . Moreover, for z(0) > 0.5, the period and the amplitude of the MST oscillations decrease with z(0), i.e., z becomes more localized with high oscillation frequency for larger values of z(0).
VI. POTENTIAL FOR BJJ
In this section, we employ the alternative approach of examining the effective potential for the BJJ. One can use the energy H J of Eq. (28) to describe the system in terms of an equation of motion for a classical particle moving in a poten-
2 [3] with coordinate z and total energy H J . For symmetric BJJ (∆ = 0), the potential W (z) is obtained as
with the conserved energy H 0 = H J . It is clear that if H 0 > 1/2, we will have W (z = 0) > H 0 = H J and MST sets in. [z(0), φ(0)] = [0.5, 0], in Fig. 5(a) , the the increase of the the value g, W (z) is changed from a single (red dash curve) to a double (blue dot curve) well and the changeover occurs at the critical point g = 1 (black solid horizontal line). It is worth noting that the potential is flat at the critical point g = 1 corresponding to steady state for the population imbalance z. Fig. 5(b) , with the increase of z(0), W (z) is changed from a parabolic (purple dash-dot curve) to a double well and the changeover occurs at the point z(0) = 1/g. As the parameter g increases, the oscillations become anharmonic and the system is in the Josephson regime [also see Fig. 4 (b) and 4(c)]. For z(0) > 0.5 the total energy is smaller than the potential barrier (red dash curve), forcing the particle to become localized in one of the two wells.
If the BJJ is asymmetric with ∆ = 0, then the potential W (z) is given by
The potential is asymmetric because there are two terms with odd powers of z in W (z). We plot W (z)−H 0 for different ∆ in Figs 
VII. DAMPING INDUCED TRANSITION
We now consider the effect of the phonon damping on the dynamic behavior of the asymmetric BJJ. For simplicity, we assume that the two nonlinear mechanical modes have the same damping rates, i.e., γ 0 ≡ γ 1 = γ 2 . The dynamical equations in the presence of phonon damping are given by
where γ = γ 0 /(JN T ) is the dimensionless damping parameter, and N T is the total phonon population at the initial time.
The damping parameter γ is inversely proportional to the initial total phonon population N T . In order to suppress the effect of the phonon damping, one effective way is to enhance the total phonon population N T in the initial time.
Equations (34) and (35) can be rewritten as the dynamical equations of the effective population imbalance z ′ ≡ ze and φ as
where the rescaled time τ is defined by τ ≡
for t ∈ [0, +∞) and τ ∈ [0, 2/γ). Equations (36) and (37) are the same as Eqs. (16) and (17) but with ∆ 0 replaced by 2∆ 0 /(2 − γτ ). This means that the asymmetric of the system are enhanced as time goes on. When the asymmetric parameter ∆ ′ = 2∆ 0 /(2 − γτ ) + ∆ u exceeds the critical value ∆ c , the system has a transition from the Josephson oscillation into the MST. Figure 7 shows the time evolution of z ′ and φ as functions of the rescaled time τ in the presence of phonon damping, i.e., γ = 0.01. It shows that the system works in the Josephson oscillation regime at the beginning with ∆ 0 + ∆ u < ∆ c , and then moves into the MST regime when τ > [2 − 2∆ 0 /(∆ c − ∆ u )]/γ.
VIII. CONCLUSIONS
In summary, we have proposed a BJJ in two nonlinear mechanical resonator coupled through two-phonon exchange interaction. Two dynamic regimes of Josephson oscillation and MST are predicted, and the system can transfer from one regime to the other one when the self-interaction and asymmetric parameters exceed their critical values. A transition, from Josephson oscillation to MST induced by the phonon damping, can be observed in the asymmetric BJJs. The measurement of the dynamic behaviors of the mechanical resonators could be realized by transferring the mechanical signals into electric signals through piezoelectric effect [46, 47] , or into optical signals through auxiliary optomechanical couplings [19, 45, [48] [49] [50] . Our results open a way to investigate interferometer and Bose-Hubbard model with two-phonon exchange interactions in optomechanical systems. Similarly, BJJ based on two-boson exchange interaction can also be realized in the optical and microwave systems [27] [28] [29] [30] [31] [32] [33] .
